The interplay of symmetry, topology, and many-body effects in the classification of possible phases of matter poses a formidable challenge that is attracting great attention in condensed-matter physics. Such many-body effects are typically induced by inter-particle interactions involving an action at a distance, such as the Coulomb interaction between electrons in a symmetry-protected topological (SPT) phase. In this work, we show that similar phenomena also appear in high-energy physics, where inter-particle interactions are mediated by gauge bosons, and constrained by a local gauge symmetry. We introduce a variant of the so-called Schwinger model, which describes quantum electrodynamics in (1+1) dimensions (QED 2 ), and show that it can host SPT phases with a topological contribution to the vacuum θ angle, which leads to a new type of topological QED 2 . We use bosonization and density-matrix renormalization group techniques to study its rich phase diagram in great detail, and present a scheme for its realization in experiments of ultra-cold atoms in optical lattices.
I. INTRODUCTION
Global and local symmetries enjoy a privileged status in modern theoretical physics, playing a crucial role in our understanding of Nature at very different energy scales [1, 2] . Gauge or local symmetries dictate the laws that govern the behavior of fundamental particles at high energies [3] , while global symmetries and their breaking via local order parameters (i.e. vacuum expectation values of local operators) determine their spectrum and interactions [4, 5] . These concepts are also relevant at much lower energy scales [6] . In particular, spontaneous symmetry breaking and local order parameters characterize the long-range order (or its absence) in a wide variety of phases of matter [7] , and are crucial for understanding the emergence of a rich array of collective phenomena originating from any given microscopic model [8] .
There are, however, fundamental physical phenomena in both high energy and condensed matter physics that cannot be characterized by local order parameters. In such situations, non-local order parameters are required, such as the socalled Wilson loops which can distinguish between confined and deconfined phases in gauge theories [9] , or as occurs in the topological classification of phases of matter in solids [10] . The former, requiring a non-perturbative approach to quantum field theory (e.g. lattice gauge theories), and the latter, demanding the introduction of mathematical tools of topology (e.g. topological invariants) to understand certain materials, lie at the forefront of research in both disciplines.
The interplay of symmetry and topology can lead to a partially-uncharted territory full of exotic effects. For instance, this interplay can lead to situations where different phases of matter co-exist in the same symmetry class, and cannot be thus classified according to the pattern of broken symmetries. These phases are characterized instead by different topological invariants, and they can only be connected through a quantum phase transition induced by a symmetry-preserving coupling. These so-called symmetry-protected topological (SPT) phases display an interesting bulk-edge correspondence, since a non-vanishing bulk topological invariant is associated to the presence of edge states that are localized at the boundary of the material, and are responsible for a low-energy response (e.g. conduction) that is robust against symmetrypreserving perturbations. Since the pioneering work of D. Haldane [11] , and C. Kane and E. Mele [12] , a variety of SPT phases beyond the integer quantum Hall effect [13, 14] have been identified in different symmetry classes and dimensionalities, such as the so-called topological insulators and superconductors [15, 16] , several of which have already been realized [17] since the first pioneering experiments [18] .
In analogy to the integer quantum Hall effect, where the introduction of inter-particle interactions leads to stronglycorrelated phases with exotic properties [19] (e.g. excitations with fractional statistics [20] ), a problem of current interest in the community is to understand the fate of this variety of SPT phases in the presence of interactions [21] . So far, the typical models considered have focused on instantaneous interactions involving action at a distance (e.g. screened Coulomb interactions and truncated versions thereof yielding Hubbardtype couplings). To the best of our knowledge, with the recent notable exception [22] , the more fundamental situation of strongly-correlated SPT phases where interactions are carried by bosons, and dictated by local gauge symmetries, remains largely unexplored. largely unexplored. In this work, we demonstrate the existence of SPT phases in the presence of gauge interactions, initiating a systematic study into a wider class of such systems.
From a fundamental perspective, studying a gauge field theory that incorporates SPT phases would extend the interest of SPT phases towards the high-energy physics domain, possibly giving rise to a rich playground where topological effects coexist with interesting high-energy physics phenomena such as confinement and charge shielding, string breaking, quantum anomalies, or chiral symmetry breaking. A powerful framework for exploring some, if not all, such non-perturbative effects is provided by lattice gauge theory (LGT) [23, 24] . In this work, we focus on the simplest Abelian LGT, namely a discretized version of quantum electrodynamics in 1+1 dimensions (QED 2 ), also known as the Schwinger model [26] . We will present and explain how an alternative discretization leads to a topological Schwinger model that hosts strongly correlated SPT phases. We show that this discretization and its continuum limit yield an interesting interplay of topological effects with some of the non-perturbative effects mentioned above, which are simplified versions of similar phenomena in higher-dimensional quantum chromodynamics. Our results unveil a series of interesting connections between LGTs and SPT phases, which we believe should be generic to other types of LGTs and, hopefully, will stimulate further research in this direction.
From a practical viewpoint, one could argue that the lattice discretization is a mere scaffolding that allows one to perform non-perturbative calculations [9] , and that the relevant universal physics should only be related to the continuum limit of the LGT (i.e. the vicinity of a critical line). In our work, we derive such a continuum limit for the discretized topological The bosonized model (19) allows us to predict three distinct phases: a symmetryprotected topological (SPT) phase, corresponding to a correlated BDI topological insulator, separated from a confined phase (C) through a continuous quantum phase transition. This confined phase is itself separated from a symmetry-broken fermion condensate (FC) by another continuous phase transition.
Schwinger model, which shall be referred to as topological QED 2 , and use it to predict a phase diagram that includes finite regions of SPT phases, confined phases and fermion condensates. Our predictions are in agreement with detailed numerical calculations based on the discretized LGT, and show that the interplay of SPT phases and LGTs is not a mere lattice artifact. Moreover, we note that LGTs are not only calculation tools, but can also become the playground for alternative experimental realizations far from the high-energy-physics domain. In particular, some of the discretized LGT models can be a faithful microscopic representation of the physics of highly-tunable systems [27, 28] in the low-energy domain: quantum simulators (QSs) [29, 30] . In this work, building on previous proposals for the quantum simulation of LGTs [31] , we show that it is possible to implement the aforementioned topological Schwinger model using ultra-cold atoms in optical lattices. These QSs have the potential of becoming an alternative to Monte-Carlo-based simulation of LGTs, where non-perturbative questions about the model can be addressed by performing a simulation using quantum-mechanical hardware, evading in this way limitations in current LGT numerical approaches regarding real-time observables, and the occurrence of the fermion sign problem. Let us now summarize the main results of our work, and describe their organization in this article. In Sec. II, we start by reviewing the properties of the continuum massive Schwinger model and its standard lattice discretization, and use it to introduce the alternative discretization that substitutes the staggered mass by a topological mass that leads to the topological Schwinger model studied in this work. In Sec. III, we describe the continuum limit of this model, topological QED 2 , and introduce a bosonization formalism that gives a neat understand-ing of the interplay of SPT and LGT features. Based on the bosonized model, we predict a qualitative phase diagram for topological QED 2 (see Figs. 1 and 10), which contains interesting differences with respect to the standard QED 2 . In particular, we show that the underlying topology promotes the so-called vacuum θ angle, a constant parameter in the standard Schwinger model, into a dynamical quantum-mechanical operator that yields a notoriously different phase diagram. In Sec. IV, we test these analytical predictions using the numerical density-matrix renormalization group for a discrete version of this topological Abelian LGT. We discuss various signatures that give compelling evidence of a strongly-correlated SPT phase, such as the existence of many-body edge states and degeneracies of the entanglement spectrum. Moreover, we present finite-size scaling of two order parameters and block entanglement entropies, providing accurate estimates of the critical lines, and their universality classes. Using the scaling of entaglement entropy, we extract the central charges of the underlying conformal field theories for the critical lines, and show that the c = 1 massless Dirac fermion of the noninteracting model splits into a couple of c = 1/2 massless Majorana fermions as soon as the gauge coupling g is switched on. All these numerical results allow us to test quantitatively the analytical predictions. In Sec. V, we introduce a scheme based on spin-changing collisions and periodic-modulations, sometimes referred to as Floquet engineering [32] , for the realization of the topological Schwinger model in a BoseFermi mixture of ultra-cold atoms in a 1D optical lattice. This scheme provides a proimising, albeit challenging, route for a future experimental quantum simulation. Finally, we present our conclusions and outlook in Sec. VI.
II. TOPOLOGICAL SCHWINGER MODEL
In this section, we start by reviewing the continuum massive Schwinger model [33, 34] , describing the interaction of a massive Dirac fermion interacting with the electromagnetic field in (1+1) dimensions. We first discuss the standard discretizationà la Kogut-Susskind [25] , where the gauge field, defined on the links of a one-dimensional chain, dresses the hopping of fermions between neighboring lattice sites, and an alternating on-site potential leads to a finite fermion mass. After reviewing some of the main features of this model, which shares key features with higher-dimensional non-Abelian LGTs, we introduce a simple modification of the lattice discretization that leads to the model of interest of the present work: the topological Schwinger model. Essentially, we substitute the staggered mass by a topological mass that can stabilize SPT phases, and yields a neat minimal scenario to study strong-correlation effects brought up by the interaction with the gauge field.
We start by describing the continuum quantum field theory of a spinor field Ψ(x) = (ψ u (x), ψ d (x)) t describing the relativistic Dirac fermions of mass m, and a gauge field A µ (x) describing the electromagnetic field. In a (1+1)-dimensional Minkowski spacetime with coordinates x µ , µ ∈ {0, 1} (i.e. x = (t, x)), and after settingh = c = 1, the Lagrangian density that dictates the dynamics of the fermionic and gauge fields is given by the so-called massive Schwinger model
where
, and we use the repeated-indexes summation criterion with Minkowski's metric η = diag(1, −1). In the expression above, we have introduced the Dirac matrices satisfying the anti-commutation relations {γ µ , γ ν } = 2η µν , which can be represented in terms of standard Pauli matrices in (1+1) dimensions. Here, we have also introduced Ψ(x) = Ψ † (x)γ 0 , and the (bare) coupling g of the fermion current to the gauge field with electromagnetic field tensor F µν = ∂ µ A ν − ∂ ν A µ . With this notation, the fields have the classical mass (energy) dimensions d ψ = 1/2 and d A µ = 0, while the mass and gauge coupling have
The Schwinger model is the simplest tractable QFT that captures some of the most significant non-perturbative effects displayed by non-Abelian gauge theories in higher dimensions. In the massless limit m = 0, it was solved exactly by J. Schwinger [26] , who showed that the spectrum can be described by non-interacting bosons with a mass proportional to the coupling strength (i.e. fermion-antifermion pairs are trapped in such a way that single-fermion excitations do not appear in the spectrum [33] ). Additionally, it yields a neat scenario where to understand the consequences of the chiral anomaly [35] , and the origin of the degeneracy with respect to a background electric field leading to the so-called vacuum θ angle [36, 37] . In the massive regime m = 0, the Schwinger model can be used to understand charge shielding via the string tension between two separate probe charges (i.e. screening of the long-range Coulomb force between static charges) [33] , and string-breaking phenomena as the distance between the charges is increased beyond a certain value [38] . Moreover, the degeneracy with respect to the θ angle is lifted, and one finds that for θ = π there is a continuous quantum phase transition between the confined phase and a symmetrybroken phase with a fermion condensate [34] .
There are various numerical methods to unveil this nonperturbative phenomenology, serving as a benchmark for theoretical approaches that could be generalized to other situations of interest (e.g. quantum chromodynamics). These methods typically rely on a discretization of the fields on a lattice, and we shall focus on the Kogut-Susskind approach [25] . Here, only the spatial coordinates are discretized into the sites of a chain Λ = {x : x/a ∈ Z N s }, where a is the lattice spacing, and N s is the number of lattice sites. By writing x = na for n ∈ Z N s , the matter sector of Dirac fermions can be represented by the so-called staggered fermions defined on the lattice sites Ψ(x), Ψ(x) → c n , c † n , such that {c n , c † m } = δ n,m /a, which have an alternating staggered mass m s (see Fig. 2(a) ). The gauge field sector, in the temporal gauge A 0 = 0, can be represented by rotor-angle operators (i.e. compact QED) living on the links, and fulfilling [L n , Θ m ] = −iδ n,m . Here, the angle operators are related to the gauge field Θ n = agA 1 (x) at x = (n + 1 2 )a, while the rotors correspond to angular-momentum operators related to the electric field L n = E(x)/g = F 01 (x)/g. In this gauge, and using Schwinger's prescription for gaugeinvariant point-split operators [39] Ψ(x + ε)Ψ(x) →Ψ(x + Figure 2 . Discretizations for standard and topological QED 2 : (a) Staggered-fermion approach to the massive Schwinger model. The relativistic Dirac field is discretized into spinless lattice fermions subjected to a staggered on-site energy ±m s , which are represented by filled/empty circles at sites of a 1D chain with alternating heights. On the other hand, the the gauge field is discretized into rotor-angle operators that live on the links, which are represented by shaded ellipses with various levels representing the electric flux eigenbasis. The gauge-invariant tunneling c † n U n c n+1 involves the tunneling of neighboring fermions, dressed by a local excitation of the gauge field in the electric-flux basis U n | = | + 1 , which is represented by the zig-zag grey arrow joining two neighboring fermion sites, via an excitation of the link electric-flux level. (b) Dimerized-tunneling approach to the topological Schwinger model. The previous staggered mass is substituted by a gauge-invariant tunneling with alternating strengths (1 − δ n )c † n U n c n+1 , where δ n = 0, ∆ for even/odd sites. This dimerization of the tunneling matrix elements is represented by alternating big/small ellipses at the odd/even links.
ε)e −ig x+ε x dx µ A µ (x) Ψ(x), , also known as the Peierls' substitution in condensed matter, the continuous-time Hamiltonian
LGT for the standard massive Schwinger model becomes
(2) Here, we have introduced the link operators U n = e iΘ n , which act as unitary ladder operators U n | = | + 1 in the basis of electric-flux eigenstates L n | = | for ∈ Z. Finally, we note that the aforementioned vacuum angle can be introduced through a background electric field E ext by substituting L n → L n + θ /2π, where θ = 2πE ext /g. With this notation, the lattice fields have the classical mass (energy) dimensions The universal properties of this LGT, which are recovered by making a long-wavelength approximation in the continuum limit a → 0, lead to the Hamiltonian field theory associated to Eq. (1). In this gauge, one obtains H mS = dxH mS with
where the gamma matrices are γ 0 = σ x , γ 1 = −iσ y , and the Dirac mass coincides with the staggered one m = m s . The corresponding components of the Dirac spinor are
where we have introduced the length of the chain L s = N s a, the fermionic operators in the momentum representation c k , c † k , and used a cutoff Λ c π/a to focus on the long-wavelength properties resembling the massive Dirac fermions. This discretized Schwinger model, with a well-defined continuum limit (1) , has served as a testbed of various numerical approaches, including finite-lattice methods [40] , exact diagonalization [41] , Monte Carlo techniques [42] , density-matrix renormalization group (DMRG) [43] and, more recently, a variational ansatz based on matrix-product states [44] . These numerical results, together with subsequent works [45] , have served to confirm and extend the above theoretical predictions.
Let us now introduce an alternative discretization which will, at first sight, yield the same gauge field theory in the continuum limit. Focusing on the above lattice model (2), one notices that the staggered mass breaks explicitly the lattice translational invariance, such that the discretized model has a two-site unit cell. A different discretization that maintains this property can be obtained by dimerizing the tunneling strengths with a two-site periodicity. This discretization will be referred to as the topological Schwinger model
where the dimerization vanishes for even sites δ 2n = 0, while it can be finite for odd sites δ 2n−1 = ∆ (see Fig. 2(b) ). We note that the total number of sites N s should be even to respect inversion symmetry about the center of the chain. For 0 < ∆ 1, standard procedures show that the long-wavelength properties of this lattice model coincide again with Eq. (1) for a different choice of gamma matrices γ 0 = σ y , γ 1 = iσ z , and fermion mass m = −∆/a. In this case, the Dirac spinor obtained is
where a k , b k are momentum operators obtained from the oddand even-site fermionic operators, respectively.
As announced above, both discretizations seem to yield the same continuum limit (3), such that one would naively expect to recover the same physics. In the following section, we show that the continuum limit of the topological Schwinger model (5) must be considered more carefully, as it can also host symmetry-protected topological phases. We will see that the new discretization exchanges the trivial staggered mass for a topological mass, which can stabilize strongly-correlated SPT phases where the fermions interact via the gauge field. In this subsection, we start by discussing the properties of the dimerized LGT (5) in the non-interacting limit g = 0. This task is straightforward, as the matter sector corresponds exactly with the so-called Su-Schrieffer-Heeger (SSH) model of polyacetylene in the adiabatic limit for the lattice vibrations [46, 47] . We now review these properties, placing a special emphasis to the connection to one-dimensional topological insulators, a paradigmatic example of an SPT phase.
For vanishing coupling g = 0, our model (5) reduces to H tS = H SSH + a ∑ n E(x) 2 /2, such that the matter sector decouples from the gauge-field sector and can be described by
where we have rewritten the even (odd) fermionic operators c 2n (c 2n−1 ) using a two-site unit cell notation b n (a n ). By performing a Fourier transform for periodic boundary conditions, one obtains
, 0)/a, and σ σ σ is the vector of all three Pauli matrices σ σ σ = (σ x , σ y , σ z ). Note that the dimerization leads to a momentum-dependent mass m t (k) = (1 − ∆ − cos ka)/a, a so-called topological mass that substitutes the previous staggered mass m s , and plays a crucial role in the appearance of the SPT phase.
As announced in the previous section, a naïve longwavelength approximation yields H SSH = dxH mD , where
is the Hamiltonian density for a massive Dirac field with γ 0 = σ y , γ 1 = iσ z , and mass m = −∆/a for dimerizations ∆ 1. Here, we have introduced the effective Dirac spinor Ψ(x) = (ψ u (x), ψ d (x)) t with components defined in Eq. (6) for a small region around the origin of the Brillouin zone |k| < Λ c . Therefore, this long-wavelength approximation focuses on local aspects of the bands, and one might be loosing relevant information about global topological features that would require the knowledge of the complete band structure. Indeed, one finds that the Berry connection for the lowest-energy band
The ground-state of the SSH model at half filling |gs = ⊗ k∈BZ |−ε k displays a polarization proportional to a nontrivial topological invariant [48] : the so-called Zak's phase [49] . This invariant is obtained by integrating the Berry connection over all the occupied momenta
where we have introduced Heaviside's step function θ (x) = 1 for x > 0, and zero otherwise. Therefore, this Zak's phase can be associated to a gauge-invariant topological Wilson loop W = e iϕ Zak , which becomes non-trivial W = −1 when the dimerization lies in ∆ ∈ (0, 2). This is precisely the region where the SSH model hosts an SPT phase, a topological insulator in the BDI symmetry class: the ground-state is characterized by a non-vanishing topological invariant respecting the symmetries of the underlying Hamiltonian. These correspond to time-reversal T σ z h(−k) * σ z = h(k), particle-hole C h(−k) * = −h(k), and sub-lattice S σ z h(k)σ z = −h(k) symmetry, such that T 2 = C 2 = +1 [50] .
As announced above, in order to capture the correct topological features, one cannot naively restrict to longwavelengths |k| < Λ c (8) , since the information about the topological mass m t (k) at the borders of the Brillouin zone |k − π/a| < Λ c is also important. In the following section, we use the bulk-boundary correspondence for such SPT phase to derive the correct long-wavelength approximation. The goal of our work is to explore the fate of this SPT phase as the coupling with the gauge field is switched on g > 0, such that interactions in the matter sector are mediated by the gauge field, and the above simple description of the topological phase is no longer valid. Starting from the aforementioned correct longwavelength approximation, superseding Eq. (3), we will show how strong correlations in the SPT phase can be brought by the coupling to the gauge field.
B. Continuum limit and topological QED 2
In this subsection, we focus on the regime 0 < ∆ 1, and derive an alternative long-wavelength approximation to Eq. (3) that is valid for the topological Schwinger model (5). We build on the bulk-edge correspondence, which states that the non-vanishing bulk topological invariant of the previous section (10) is related to the presence of robust zero-energy modes localized to the boundaries of the sample, the so-called topological edge states. Our goal now is to revisit the continuum limit in a way that these edge states appear naturally.
Instead of considering periodic boundary conditions as in the previous subsections, we impose Dirichlet boundary conditions for an open finite chain. In the continuum limit, where a → 0 and N s → ∞ with a fixed length L s = N s a, we can express the fermionic lattice operators as fields
In order to unveil the low-energy excitations that resemble Dirac fermions, the standard approach in one-dimensional models is to break the field operator into right-and leftmoving components Ψ(x) = e ik F xΨ R (x) + e −ik F xΨ L (x) , where {Ψ η (x)} η=R,L are slowly-varying envelopes that allow for a gradient expansion [51] . For an open chain, however, these right-and left-moving fields are not independent, but must instead fulfillΨ L (−x) = −Ψ R (x) by imposing the Dirichlet boundary conditions [52] (see Fig. 3 ). Accordingly, the left-moving component can be obtained from the rightmoving one, and one can focus on the right movers in a dou- 
, such that one may study modes of a fixed chirality living in an annulus, i.e. enlarged chain with periodic boundary conditionsΨ
In the present case, we are interested in the universal properties of Eq. (5) for 0 < ∆ 1, which are obtained by making a long-wavelength approximation around k F = π/2a (i.e. wave-vector where the dispersion relation for open boundary conditions crosses the zero of energies). We can then restrict to momenta around the origin of the Brillouin zone |k − π/2a| < Λ c 1/a, and perform a gradient expansion of the fermionic fields that yields a matter sector governed by
where we have introduced s η = (1 − 2δ η,R ),η = L, R for η = R, L, and we recall that m = −∆/a. Here, the right-and leftmoving fermions can be related to the original spinor components as followsΨ R = (
We can now use the conditionΨ L (−x) = −Ψ R (x) to get rid of the left-moving fields, and obtain the following continuum field theory for the right movers
Therefore, the naive continuum limit with massive Dirac fermions (8), must be replaced by this effective Hamiltonian field theory where the Dirac fermions display a non-local mass that changes sign at x = 0. This can be interpreted as a non-local version of the Jackiw-Rebbi quantum field theory, where fermionic zero-modes are localized within a kink excitation of a scalar field, which effectively changes the sign of the local mass term [53] . In fact, this continuum field theory (12) can be exactly diagonalized, and leads to two types of solutions: (i) bulk energy levels with ε(k) = ± √ m 2 + k 2 , where we recall that momentum is quantized k = π j/L s with j ∈ N, such that the solutions fulfill the Dirichlet boundary conditions. Accordingly, these plane-wave solutions are delocalized within the bulk of the chain, and have a relativistic dispersion relation: they correspond to the previous massive Dirac field in the naive continuum limit (8) . Additionally, in the thermodynamic limit, we find (ii) a zero-energy mode localized at x = 0 with wave-functionχ 0 (x) ≈ Ce −|x|/ξ , where ξ = a/∆ L s → ∞ and C = √ ∆a. Therefore, provided that ∆ > 0 (otherwise the solution is not normalizable), we find a zero-mode exponentially localized to x = 0. This coincides precisely with the topological edge state localized at the left boundary at x = 0, while the remaining edge state at x = L s can be recovered by means of inversion symmetry.
After going back to the physical un-doubled chain, and introducing the fast-oscillating terms components to these envelopes, the zero-energy solutions ε L = ε R = 0 can be expressed as
which, in addition to the exponential decay from the boundaries, also show an oscillating character sin(π j/2) (sin(π(N − j)/2)) such that the left-most (right-most) edge state only populates the even (odd) sites. As a consistency check, we note that this exponential decay and alternating behavior has been also found for the SSH model using completely different approaches (see e.g. [54] ).
With these results, the naive continuum limit for the SSH model in Eq. (8) 
which is valid for for 0 < ∆ 1. Here, in addition to the featureless bulk Dirac fermions of mass ∆/a, we have also included the exponentially-localized topological edge states created and annihilated byη † andη. This forms the matter sector of the topological Schwinger model (5), which in the Coulomb gauge A 1 = 0 finds the following expression H tS = dxH tS , where
The gauge field theory in Eqs. (14)- (15) can be interpreted as a new type of topological QED in a (1+1)-dimensional spacetime with boundaries. It describes how both the bulk relativistic fermions, and the fermionic zero-modes, interact with the gauge field preserving the U(1) local symmetry characteristic of QED: topological QED 2 . Although the edge modes seem to be decoupled from the gauge and Dirac fields, we discuss in the following section how a careful account of Gauss' law gives rise to such a coupling, and can indeed be used as a starting point to understand correlation effects in the SPT phase.
C. Bosonization and boundary Gauss' law
The reason underlying the change of gauge in the last subsection, moving from the temporal gauge of Eq. (3) to the Coulomb gauge of Eq. (15), is that the latter allows for a neat application of the machinery of bosonization [33, 34, 37] . In the context of the standard Schwinger model (1), this technique gives a clear understanding of various phenomena. In particular, it unveils the origin of the bosonic excitations of the massless Schwinger model, which are described by a KleinGordon field theory of mass µ = g/ √ π. Additionally, the bosonized lattice gauge theory gives a neat account of the role of the vacuum θ angle [37] . We also mention that bosonization can be used to understand charge shielding in the massive Schwinger model [33] , and it proved to be of the utmost importance to predict the existence of an Ising-type second-order quantum phase transition between a charge-shielded phase and a symmetry-broken fermion condensate for θ = π [34] . We now apply this machinery to the topological QED 2 (15) , and use it to predict quantitative results about the underlying phase diagram, which will include in addition to these two phases of matter, the SPT phase discussed above.
Following Coleman's work [34] , the bulk part of topological QED 2 (15) can be simplified into
where the typical electric energy appears directly in the Hamiltonian density. Although the matter and gauge-field sectors seem to be decoupled, we recall that the Gauss' law associated to the local U(1) still needs to be imposed, and this will result in an effective matter-field coupling.
Following the bosonization of the massive Schwinger model (1), we start with the well-known relations between the bilinear operators formed by Dirac spinors Ψ(x), Ψ(x), and the bosonic operators of a real scalar field φ (x), Π(x) (i.e. bosonization dictionary), which in a (1+1) dimensions read
Here, we have introduced c = e γ /2π with Euler's constant γ ≈ 0.5774, and : ( ) : m denotes normal ordering of the Fermi or Bose fields with respect to the fermion mass m, corresponding to ∆/a in the present case, and the bosonic mass µ = g/ √ π, respectively. The first expression yields the bosonization identity between a massless Dirac fermion and a massless scalar field, whereas the second one relates the fermion mass to a cosine-type non-linearity of the scalar field, which is a relevant perturbation of the resulting sine-Gordon quantum field theory. Finally, the last expression can be used in conjunction with Gauss' law to bosonize also the gauge-field contribution to the Hamiltonian. For the bulk Dirac fermions, this parallels Coleman's bosonization of the massive Schwinger model
where one sees how the vacuum angle θ = 2πE ext /g originates from a constant field after the integration of Gauss' law. The novel ingredient that is required for the bosonization of topological QED 2 (15) is to consider the modification on Gauss' law due to the existing boundaries. In the SPT phase, these boundaries may actually contain charges due to the population of the topological edge states (13) . Focusing on the regime 0 < ∆ 1, where the edge-state localization length is very small ξ L s , one can thus consider that the boundary charge only penetrates into a small region close to the edges. Considering the boundary conditions for the electromagnetic field across this region, which imply that the normal component of the electric field must be discontinuous, we find that
Essentially, the points that contain a charge contribute with a constant electric field of +g/2 to its right and −g/2 to its left, as is known already for 1D classical electrodynamics [55] . Substituting the bosonized version of E(x) = E bulk (x) + E edge (x) into our model (15) , together with the remaining bosonization identities (16), we find
where normal ordering with respect to the mass µ is assumed. Here, the vacuum angle has turned into a dynamical operator that depends, not only on the constant external field via θ = 2πE ext /g, but also on the population of the edge stateŝ
Equations (19) and (20) are the main result of this subsection, encapsulating several novel features of topological QED 2 in a succinct manner, which we shall try to unveil in the following subsection. However, before turning into that discussion, let us note that an interesting avenue for future work would be to consider that the topological zero-modes states are not bound to fixed boundaries, but instead localized to topological defects [56] . In this situation, these zero modes can be mobile as occurs for the Jackiw-Rebbi model [53] , and the effective vacuum angle will display interesting dynamical effects on the gauge field that deserve further attention.
D. Phase diagram of topological QED 2
In this subsection, we analyze the consequences of our bosonization results on the properties of the topological Schwinger model, paying special attention to θ = π. Let us comment, however, that even in the absence of an external electric field θ = 0, the new vacuum-angle operator (20) can indeed display values of θ gs = π when the half-filled ground-state lies in the SPT phase. The appearance of an effective vacuum angle in a topological phase recalls the situation found for 3D time-reversal topological insulators, where the bulk topological invariant can be shown to play the role of an effective vacuum angle. Such a vacuum angle modifies the response of the material to external electromagnetic fields, and leads to the so-called axion electrodynamics [57] .
In the present case of topological QED 2 , we have explicitly shown that the vacuum angle is not simply a c-number, or an adiabatic classical field [57] , but that it becomes instead a quantum-mechanical operator with its own dynamics depending on the density of the topological edge states (20) . Moreover, our theory incorporates the interplay of this operator with the 1D electromagnetic field, which is not an external field, but rather obeys its own dynamics. As we show now, the combination of these ingredients can lead to exotic situations in topological QED 2 where non-perturbative effects typical of higher-dimensional non-Abelian theories, such as charge shielding and confinement, interplay with the topological features characteristic of SPT phases.
Let us now focus on discussing the phase diagram of topological QED 2 for θ = π (see Fig. 1 ), and start by identifying the possible phases for limiting regions of (∆, ga). First of all, we already know from Eq. (10) that there is an SPT phase corresponding to the BDI topological insulator for g = 0, and ∆ ∈ (0, 2). In fact, all the phases should be symmetric about ∆ = 1, such that one can focus on ∆ ≤ 1 and then extend to the whole parameter range. The point ∆ c = 0 = g c is a critical point that delimits the SPT region, and corresponds to a massless Dirac fermion that shall interact with the gauge field as soon as the coupling is switched on g > 0. As a consequence of the lattice implementation, whereby chiral symmetry is explicitly broken, the mass of the Dirac fermion will be renormalized due to the interactions. Accordingly, the critical point will flow with the coupling g from the limiting value ∆ c = 0 to finite values ∆ c (g) = 0, determining a critical line separating the SPT phase from another non-topological phase.
To derive a quantitative prediction for this critical line, we focus on the bosonized Hamiltonian (19) . Expanding the term that contains the vacuum-angle operator, one sees that the edge-state densities get coupled to the bosonic scalar field via Yukawa-type couplingsη †η φ (x). The resulting Hamiltonian is an analogue of a quantum impurity model [59] , where the edge states play the role of the impurities, and the scalar field represents the current-carrying excitations of the bulk band. Due to the Yukawa-type couplings, the edge states will hybridize with the bulk excitations whenever the bulk band has a finite density of states at their energy ε R = ε L = 0. Accordingly, when the renormalized mass of the scalar particles vanishes µ = g/ √ π → µ(g, ∆) = 0, the edge states will cease to be well-defined localized zero modes, resulting in a topological quantum phase transition. The solution of µ(g, ∆) = 0 will thus determine the critical line ∆ c,1 (g), and the region with the ground-state in the SPT phase ∆ ∈ (∆ c,1 (g), 2 − ∆ c,1 (g)).
By shifting the scalar field φ (x) → φ (x) − θ gs /2 √ π, one finds an effective potential
Approaching the critical line from the SPT phase, the interplay of the external field and the edge states leads to a vacuumangle operator fulfilling θ gs = 0 (mod2π), which has no effect on the effective potential. In the limit of small dimerization |∆| ga, the sine-Gordon theory reduces to a massive Klein-Gordon field theory with leading-order mass
According to this expression, the non-interacting critical point ∆ c = 0 should flow to negative values of the dimerization according to the following straight line
To identify the nature of the phase for dimerizations below the critical line ∆ < ∆ c,1 (g), note that the topological contribution to the vacuum angle is absent since the edge zero modes have merged into the bulk bands. Therefore, θ gs = π, and the sign of the non-linearity in the effective potential is reversed V (φ ) = g 2 φ 2 (x)/2π + cµ∆ cos 2 √ πφ (x) /a. Here, the discussion parallels the treatment of the standard massive Schwinger model [34] , and we find that for dimerizations close to the critical line ∆ ∆ c,1 (g), the quadratic term dominates yielding a ground-state with φ s = 0. This phase displays fermion trapping (sometimes referred to as quark trapping or confinement), as the spectrum does not display the original charged fermions, but is entirely composed of massive bosonic excitations described by the scalar field (sometimes referred to as mesons). These bosonic excitations can be understood as bound fermion-antifermion pairs that cannot be widely separated, and we will refer to this phase as the confined phase (C).
It is interesting to revisit the SPT phase at ∆ > ∆ c,1 (g) from this perspective. In this case, one finds that the spectrum contains states with the original charged fermions (19) , and not only the bosonic bulk excitations interpreted as mesons. However, note that these excitations are not described by the fundamental Dirac fermions of the theory, but correspond instead to the topological zero modes localized to the boundaries of the chain. From this perspective, starting from a half-filled ground-state, one may create a fermion and hole at the boundaries of the chain, which are closer in spirit a pair of heavy probe charges separated by a large distance L. This property is typically referred to as charge shielding, as the probe charges are not subjected to the long-range Coulomb force, and is a different manifestation of the quark trapping in the bulk [33] . It is intriguing that these analogue probe charges are self-assembled in the SPT phase due to the energetics and that, moreover, they do not need to be heavy static particles since the topological features of the SPT phase guarantees that they will be zero-energy modes contributing to the vacuum angle.
Finally, well-below the critical line ∆ ∆ c,1 (g), the nonlinearity of the potential dominates, yielding a ground-state with φ s = 0 that spontaneously breaks a discrete Z 2 symmetry φ (x) → −φ (x). Accordingly, there should be another critical line ∆ c,2 (g), such that the ground-state corresponds to the above confined phase for ∆ c,2 (g) < ∆ < ∆ c,1 (g), while it lies in the symmetry-broken phase for ∆ < ∆ c,2 (g). According to the bosonization dictionary, this symmetry-broken phase displays E(x) = 0, but also Ψ(x)iγ 5 Ψ(x) = 0, which is typically referred to as a fermion condensate (FC). This phase also has a two-fold degeneracy, but it is caused by the spontaneously broken Z 2 symmetry, and not by the zero-energy edge modes of the SPT phase. Indeed, since these zero modes disappeared already in the SPT-C transition, the C-FC phase transition is completely analogous to the phase transition in the massive Schwinger model for θ = π. Using the results of this wellstudied model [43] , we conjecture that the second critical line of the topological QED 2 corresponds to
Gathering all this information, and considering the symmetry about ∆ = 1, we can draw the qualitative phase diagram of topological QED 2 represented in Fig. 1 . From the weak coupling predictions, the width of the region encompassing the non-interacting SPT phase increases as interactions are switched on (indeed, one can find interaction-induced topological phase transitions along the semi-transparent arrow of this figure). However, this behavior cannot be maintained indefinitely, since the phase should correspond to the confined phase C at very strong couplings. Therefore, we conjecture that the critical line ∆ c,1 (g) will eventually bend, and the SPT phase will be contained in a finite lobe in parameter space. It would be very interesting to understand if these predictions of the critical lines can be analytically recovered by a perturbative Kadanoff-Wilson renormalization group for the bosonized massive sine-Gordon mode [58] and, more interestingly, if they can be extended to larger gauge couplings g in a systematic fashion that allows to predict their curvature. We leave this for future, and focus below on a different numerical approach also based on the renormalization group. The goal of this section is to test numerically the above bosonization predictions, exploring additional properties that can complement our understanding of the topological Schwinger model. In order to do so, we will analyze numerically the model with a truncated Abelian gauge group to Z N , and extrapolate our results to the U(1) case of interest by taking a large-N limit in a controlled manner.
Let us start by reviewing the Hamiltonian approach to lattice gauge theories for the discrete Abelian gauge group Z N , which gives access to the properties of compact QED in the large-N limit [60] . For the massive Schwinger model (1), this offers an alternative [61] to the Kogut-Susskind approach (2) based on the Hamiltonian
where we have introduced two types of unitary link operators U n ,Ṽ n that obey the Z N algebra. Accordingly, instead of using the rotor-angle operators of the Kogut-Susskind approach (2), one uses link operators fulfillingŨ N n =Ṽ N n = I, andṼ † nŨnṼn = e i2π/NŨ n . In analogy to the Kogut-Susskind approach, using the electric-flux eigenbasisṼ n |v = v |v with v ∈ Z N , the remaining link operators act as ladder operators that raise the electric flux by one quantumŨ n |v = |v + 1 . The main difference is that, in contrast to the Kogut-Susskind approach, the ladder operators have a cyclic constraintŨ n |N = |1 .
We note that these link operators can be defined in terms of the vector potential and the electric fieldŨ n = exp{iagA n }, V n = exp{i 2π N E n g }. In this way, the Z N algebra [Ũ n ,Ṽ n ] = e i2π/N can be satisfied by imposing the usual canonical commutation relations [E n , A m ] = iδ n,m /a, which have the correct continuum limit [E(x), A(y)] = iδ (x − y). Note also that the gauge-group conditionŨ N n =Ṽ N n = I requires that the electric-flux eigenvalues
This yields σ (L n ) → Z in the large-N limit, which corresponds to the spectrum of the rotor operator L n of the Kogut-Susskind approach. In the same manner, the eigenvalues of the vector potential should lie in σ (agA n ) = {−π(N − 1)/N, · · · , π(N − 1)/N} → [−π, π], corresponding to the basis of the angle operator Θ n in the Kogut-Susskind approach (2) , and leading to compact QED 2 . We remark that, as emphasized in [61] , the electric-energy term in Eq. (25) can be substituted by an arbitrary func-
, and we will focus on
n [62, 63] . As shown in [63] , the properties of the massive Schwinger model (1) with vacuum angle θ = π can be recovered from a large-N scaling of the Z N massive Schwinger model (25) . In the following, we use this Z N approach to investigate numerically the phase diagram of topological QED 2 by using a density-matrix renormalization group (DMRG) algorithm. This numerical method [64] , introduced in the seminal work of S. White [65] , gives an efficient approach to study the properties of one-dimensional quantum many-body systems, such as our topological Schwinger model. In particular, we use it to explore the properties of the lattice Hamiltonian
which is the discrete Z N version of the topological Schwinger model with parameters introduced in Eq. (5). In order to take into account Gauss's law, we introduce the operator
Accordingly, |ψ is a physical state if it satisfies the condition G n |ψ = 0 ∀n. This is a very important constraint that allows us to construct the physical Hilbert space of the Z N model, as we will see in the following.
B. Phase diagram of the Z 3 topological Schwinger model on the lattice 1. SPT phase: order parameters, entanglement spectrum, and edge states
The simplest non-trivial case studied in our work correspond to N = 3, and yields the Z 3 model (26) with three electric-flux levels on each link. We consider a couple of sites (odd-even) with the three relative links (left, central, right) as our unit cell in the chain. Taking into account all possible configurations of matter and electric field degrees of freedom allowed by Gauss's law, we can construct a local basis in the physical Hilbert space [63] . Let us start by introducing the relevant observables to unveil the phase diagram of the model (26) numerically. As an informative case, we will start by focusing on ∆ = 0.5 while varying the coupling constant g, after setting a = 1. In order to understand the ground-state properties of our model, we will study the behavior of the usual electric-field order parameter, which can be defined as
and of the staggered density, which can be written as
We obtain an approximation to the ground-state |gs using our DMRG algorithm for open boundary conditions, where we keep m = 1000 states in the iterative diagonalization and coarse graining of a lattice with N s = 80 sites. In Figs. 4(a) and 4(b), we represent the above observables for the DMRG ground-state. As follows from these figures, at small g, the ground-state consists of a superposition of the anti-meson state (with negative electric field between couples) and the Dirac vacuum, which follows from the standard interpretation of the Kogut-Susskind discretization. As one increases the coupling, the ground state becomes the standard Dirac sea without electric or matter/antimatter excitations (Σ ≈ 0, ρ s ≈ 0). This behavior points towards a possible quantum phase transition between both ground-states, which will be proved rigorously in the following sections by making a finite-size scaling analysis of the electric-field order parameter. However, these observables shed no light on the existence of the SPT phase discussed previously.
To investigate the topological properties of our model and, in particular, to verify numerically the existence of the SPT phase, we now discuss an alternative observable recently introduced in the context of the SSH model [66] . By using the maximally-localized solutions of the fully-dimerized SSH model, one can define a correlator that can be used to identify the topological phase of the SSH model, i.e. topological correlator, namely
where ρ j = gs| c † j c j |gs are fermion densities, ρ j, j+1 = a gs| c † j c j c † j+1 c j+1 |gs represents the density-density correlation, and the site index j must be odd. By summing over all odd sites of our chain, one obtains
We now show that this topological correlator can identify the underlying SPT phase of the topological Schwinger model. We now present the behavior of O − for ∆ = 0.5, by varying the gauge coupling g (see Fig. 4(c) ). This figure shows a clear sign reversal of the correlator, a behavior that is qualitatively analogous to the transition from the topological phase (O − > 0) to the trivial one (O − < 0) in the noninteracting SSH model [66] . Accordingly, the region where the ground state is dominated by anti-mesons of Figs. 4 (i.e. small g), coincides with an SPT phase, as predicted by our analytical arguments of the topological Schwinger model in the previous sections (see Fig. 1 ). As we will show in further subsections below, this topological correlator can be used in combination to the electric-field order parameter to perform a careful finite-size scaling, and provide a detailed estimate of the different regions of the phase diagram.
In order to have an alternative confirmation of the topological nature of this SPT phase, we now study the entanglement spectrum [67] . If we consider the reduced density matrix of a partition A of our system, which yields a reduced density matrixρ A = Tr B |gs gs|, where B is the complement of A; the entanglement spectrum is defined as the set of the eigenvalues ofρ A (in logarithmic scale). As pointed out in [68, 69] , the entanglement spectrum leads to a powerful tool to analyze topological phases, since there must be an exact degeneracy of the eigenvalues for SPT phases. As shown in the left panel of Fig. 5 , for a small gauge couplings g, we find doublets in this spectrum, thus confirming that our ground-state corresponds to an SPT phase. On the contrary, this degeneracy is absent in the right panel for a larger g, which should correspond to the non-topological confined phase (C) of Fig. 1 . As discussed in the previous section, the SPT phase can also be characterized by the presence of edge states. In fact, the two-fold degeneracy of the entanglement spectrum is also related to the presence of zero-energy edge modes [69] , and the left panel of Fig. 5 can be considered as an indirect confirmation of the prediction of Sec III B. In order to have a more direct numerical evidence, it is possible to extract the wave functions of the zero-energy edge modes taking by using DMRG ground-states with a different number of particles.
Let us start by considering the SPT phase in the noninteracting limit g = 0, where two zero-energy edge modes are present. Since the Hamiltonian commutes with the number operator, the Hilbert space can be divided into sectors with a fixed number of particles. Neglecting small finitesize corrections to their energies, which will eventually disappear in the thermodynamic limit, there will be four degenerate states in the ground-state manifold: |gs N s −1 in the sector with N s − 1 particles, |Φ L , |Φ R in the sector with N s particles with the leftmost or rightmost edge modes populated , and |Φ L , Φ R in the sector with N s + 1 particles hosting both populated edge modes. Let now Φ † L represent the operator that excites the leftmost zero-energy mode, i.e. Φ † L = ∑ n α n c † n for some α < 1, and analogously for the rightmost zeroenergy mode Φ † R . Accordingly, we can obtain the groundstate with N s particles as |Φ L = Φ † L |gs N s −1 (or equivalently |Φ R = Φ † R |gs N s −1 ), and the ground state with
Using the DMRG algorithm, we can numerically target the lowest energy state in sectors with a generic number of particles, and we can thus calculate the following expectation value
Note that in the non-interacting limit, by applying Wick's theorem, this observable becomes given the above expression of the edge operators, the first two terms of the above expression contain the the probabilities associated to the edge-state wave-functions. These wavefunctions can thus be obtained by calculating numerically
Recalling that the operators Φ L (Φ R ) has support only on even (odd) sites (13), it is possible to reconstruct the amplitude of the left-most (right-most) edge mode by plotting the quantity ψ 2 n as a function of even (odd) n. We expect that this behavior of the observable (31) should hold in the interacting regime, giving us a method to study the many-body zero-energy edge modes of the topological Schwinger model. In order to test this conjecture, we explore different values of ∆ in the SPT phase for a gauge coupling ga = 0.2, and obtain the plots in Fig. 6(a) , where the exponential decay from the boundary of the edge modes becomes readily visible, in agreement with Eq. (13) . We can fit this behavior with an exponential function in order to extract the ga 0.5 1. localization length ξ as a function of ∆. As shown in Fig. 6(b) for different system sizes, this quantity is very small deep into the topological phase, and grows as we approach the critical points ∆ c ≈ 0 and ∆ c ≈ 2.
All these numerical results give compelling evidence for the existence of SPT phases in the topological Schwinger model. Moreover, they also point to the existence of quantum phase transitions to other possible phases with different properties in the matter and gauge-field sectors. In the following section, we build on this evidence, and introduce additional numerical finite-size scaling studies that allow us to recover the full phase diagram of the model, testing the predictions of Fig. 1. 
Critical lines: scaling analysis, entanglement entropy, and central charges
In order to determine properly the phase diagram of our Z 3 model, we start by performing a finite-size scaling of the SPT order parameter O − . In the SSH model, the quantum phase transition has critical exponents β = 1/8 and ν = 1. Therefore, we can start to explore the critical behavior of the topological Schwinger model for finite gauge couplings by assuming these values in the scaling relation for different values of N s , we obtain the behavior of Fig. 7 . We note that for g = g c , the value λ (0) becomes independent of the system size. Therefore, one expects to find a crossing of the curves for different lengths precisely at the critical point. This is exactly the behavior observed in the main panel of Fig. 7 , which allows us to predict a critical point at g c ≈ 1.384/a. To check the initial hypothesis concerning the values of the critical exponents β = 1/8 and ν = 1, we analyze the quantity N β /ν s O − as a function of the argument N 1/ν s (g − g c ). In this case, for different system sizes, we should observe a universal behavior when g ≈ g c (i.e. collapse of the different curves into a single one). This is exactly what is observed in the inset of Fig. 7 , confirming in this way the initial hypothesis about the universality class of the SPT-C phase transition. In the same spirit, we can now fix a particular value of g, and calculate the topological correlator by varying the dimerization parameter ∆ (vertical lines in the plane ga − ∆). In contrast to the previous case, we now extract two critical points ∆ Let us remark that, according to our analytical calculations for the phase diagram of Fig. 1 , we expect a quantum phase transition from the fermion condensate (FC) to the confined phase (C) as a function of ∆ in addition to the transition SPT-C detected by the parameter O − . As conjectured in Sec. III D, this transition should be analogous to the phase transition of the standard massive Schwinger model. In the context of the Z n approach [63] , such a transition can be numerically detected by the electric field order parameter Σ (28). Thus, by studying the behavior of Σ for ga = 0.6, we obtain the plot of Fig. 8 , which shows that the ground state is dominated by mesons for ∆ 0 and ∆ 2 (positive electric flux), and by anti-mesons for ∆ ≈ [0, 2] (negative electric flux, SPT phase). Following the scheme of the previous transition SPT-C, we can perform a finite-size scaling analysis with
where we use the universality class of the massive Schwinger model, which is the 2D Ising class β = 1/8, ν = 1 [34, 40, 43] . Accordingly, we obtain the plot in Fig. 8 , which allows us to detect two critical points ∆ Σ c ≈ −0.215 and ∆ Σ c ≈ 2.216, again symmetrical with respect to the value ∆ = 1.
We can repeat this procedure, using both O − and Σ, to determine the critical points related to the two transitions SPT-C and FC-C for different values of g. The resulting values are shown Table I . As can be observed in the last line of this table, when the gauge coupling g is sufficiently large, we still observe the FC-C transition, while the SPT-C transition is absent. This means that the SPT phase disappears for large g, as conjectured in Sec. III D.
Another necessary ingredient for the universality class of the SPT-C transition comes from the scaling of the entanglement entropy. In analogy with the entanglement spectrum, the entanglement entropy S(ρ A ) = −Tr [ρ A log 2 (ρ A )] is defined for reduced density matrix of a partition A of our system ρ A = Tr B |gs gs|, where B is the complement of A. According to conformal field theory (CFT) [71, 72] , considering a subsystem A of size l within the chain with L c = N s /2 couples of sites, we expect to observe a logarithmic scaling of the block entanglement entropy if the system is at a quantum critical point
where s 0 is a non-universal constant. As shown in Fig. 9(a) , we observe such a scaling for ga = 0.6 and ∆ O− c = −0.162, from which it is possible to extract the central charge through a logarithmic fit. We obtain the value c = 0.506, in agreement with the central charge of 2D Ising universality class c = non-interacting SSH model, which can be described by the CFT of a massless Dirac fermion with c = 1. Accordingly, the c = 1 CFT of the non-interacting SSH model splits into a couple of CFTs with c = Putting together all these numerical results, we obtain the phase diagram of the Z 3 topological Schwinger model shown in Fig. 10(a) , which is in qualitative agreement with the analytic predictions for topological QED 2 described in Sec. III, and encapsulated in the phase diagram of Fig. 1 . Such an agreement is quite remarkable given the fact that Z 3 is still far from the U(1) gauge group used to derive our predictions of topological QED 2 . However, there are other situations where such small discrete Abelian gauge groups have turned out to be relevant even for non-Abelian Yang-Mills gauge theories [73] . In the following section, we will show that the resemblance with the U(1) predictions is not only qualitative, but also quantitative as the large-N limit is considered. In order to access the large-N limit of the Z N topological Schwinger model (26), we use the DMRG algorithm to analyze the Z 5 and Z 7 topological Schwinger models. We observe analogous phase transitions that lie in the same universality class as the ones described for the Z 3 case, albeit taking place at different critical points. Repeating the same procedure carried out for the Z 3 case, we determine the critical points of the Z 5 model and the Z 7 model, resulting in the phase diagrams of Fig. 10(b) . Here, one can observe that the extension of the SPT phase grows with N while, simultaneously, the spacing between the critical lines becomes smaller.
We can quantify this effect by studying the scaling with N of the critical points g c fixing ∆ = 1. By fitting the critical points with an exponential function g c (N)a = Ae −B/N + C, we obtain the fitting parameters A ≈ 2.323, B ≈ 3.177, C ≈ 0.656. In this way, we can extract a finite critical value in the N → ∞ limit g c (∞)a = A + C ≈ 2.979, which shows that the SPT phase survives to considerably strong gauge inetractions. Similarly, we can fit the critical points ∆ O − c fixing ga = 0.2 as a function of N, considering the lower of the two symmetrical critical lines. In this case, we obtain the extrapolation ∆ c (∞) ≈ −0.033. In light of this result, we can conclude that the SPT phase has a finite region of stability in the presence of gauge couplings g > 0, which is in accordance to the analytical results obtain for the U(1) topological Schwinger model. In this sense, our numerical results manifest the expectation that the Z N theory yields the U(1) LGT in the limit N → ∞, in which the electric field can assume any continuous value (Z n → U(1)).
In order to take one step further in this comparison, and provide a quantitative benchmark of the analytic U(1) results of the previous section, we now analyze the slope of the the two critical lines (SPT-C and FC-C) for small g. This will allow us to test the predictions for ∆ c,1 (g) and ∆ c,2 (g) of Sec. III D based on bosonization (see Eqs. (23) and (24)). 
These values are in remarkable agreement with the expected ones derived in Sec. III D for the U(1) limit (respectively −e −γ /(2 √ π) ≈ −0.1584 and −1/3). This numerical results thus point to the general validity of the proposed topological QED 2 as the continuum model describing the role of SPT phases in lattice gauge theories.
V. COLD-ATOM QUANTUM SIMULATOR OF THE TOPOLOGICAL SCHWINGER MODEL
The remarkable level of isolation and control in several platforms of atomic, molecular and optical (AMO) physics, such as ultra-cold neutral atoms in periodic crystals made of light [27] or trapped atomic ions in self-assembled Coulomb crystals [28] , has allowed to conduct experiments in the recent years bringing the quantum simulation (QS) idea [29] to a practical reality. Starting with the pioneering works showing that ultra-cold bosonic atoms can be used for the QS of the Bose-Hubbard model [75] , a variety of schemes for the Figure 11 . Cold-atom QS of the topological Schwinger model: (a) Bose-Fermi mixture trapped in a 1D optical lattice formed by a reddetuned very deep lattice for the bosons (red circles trapped in two internal states at the maxima), and a blue-detuned shallower lattice for the fermions (blue circles trapped in two internal states at the minima). QS of condensed-matter models have been put forth [76] . In recent years, several works have explored the possibility of using AMO systems for the QS of relativistic fermionic and bosonic quantum field theories [77] [78] [79] [80] [81] , theories of pure gauge fields [82, 84, 85] , theories for coupled Higgs and gauge fields [86] , and also theories of relativistic fermions interacting with Abelian and non-Abelian gauge fields [87] [88] [89] . Although most proposals have focused on ultracold atoms in optical lattices, we note that QS of gauge fields has also been explored for crystals of trapped ions, arrays of superconducting qubits and microwave resonators, and atom-ion mixtures [90] . Of particular relevance for our work will be the QS schemes for the simplest possible theory of matter coupled to gauge fields: quantum electrodynamics in (1+1) dimensions, or the so-called Schwinger model. We refer the reader to existing literature reviewing these schemes, and extensions thereof [31, 45] , and to the recent experiments [91] realizing a digital QS ( and a variational eigensolver of the massive Schwinger model. In the following, we will focus on analog QS of the topological Schwinger model (5) using a BoseFermi mixture of ultra-cold neutral atoms trapped in an optical lattice.
A. Bose-Fermi mixtures for lattice gauge theories
We consider bosonic (fermionic) alkali atoms of mass m b (m f ), and select a pair of electronic states {|↑ α = |F α , M α,↑ , |↓ α = |F α , M α,↓ } α=b,f from the hyperfine ground-state manifold, which will be refereed to as spin components σ =↑, ↓. The atoms are trapped in a spin-independent cubic optical lattice formed by pairs of retro-reflected far-detuned laser beams with mutuallyorthogonal linear polarizations, which lead to periodic ac-Stark shifts of strength {V α 0, j } j=x,y,z [92] . The common wavelength of the lasers λ L = 2π/k L sets the lattice constant of the periodic light potential to a L = λ L /2 along each of the three axes. We will assume that V α 0,x V α 0,y ,V α 0,z , such that the dynamics along the y and z axes is effectively frozen, and the atomic mixture behaves as a 1D system along the x axis.
We consider a regime with a lattice depth that is much larger than the atomic recoil energy V α
α , where we work withh = 1 as usual in the cold-atom literature. In this regime, the atoms are confined to small regions around the minima/maxima of the optical potential, depending on the sign of the laser detuning. Therefore, it is customary to introduce the so-called Wannier basis [74, 93, 94] , and define operators that create/annihilate bosonic b † n,σ , b n,σ and fermionic f † n,σ , f n,σ atoms localized at such positions, satis-
For a fermionic blue-detuned optical potential along the x axis, the fermions would be trapped at the minima x 0 n = na L , where n ∈ Z N s is the site index and N s is the number of lattice sites; whereas the bosonic red-detuned optical potential, the bosons are trapped at the maxima x 0 n = (n+ 1 2 )a L (see Fig. 11(a) ). In this way, one may interpret that fermions reside at the sites of a 1D chain and will be used to represent the matter sector of the topological Schwinger model, while bosons sit at the links and will be employed to simulate the gauge field.
The dynamics of the Bose-Fermi mixture is controlled by the following lattice Hamiltonian
where we have introduced on-site energy terms ε α n,σ that will depend on the energy of the electronic states including e.g. hyperfine energy of the electronic states and an overall harmonic trapping potential. In this expression, we have introduced the tunneling strength
, which controls the hopping of fermionic/bosonic atoms between neighboring sites/links of the 1D chain. Additionally, at sufficiently low temperatures, the atoms interact via s-wave scattering through a contact pseudo-potential [92] . In the Wannier basis, this yields various quartic terms grouped in V int as follows
Here, n n n = (n 1 , n 2 , n 3 , n 4 ) and σ σ σ = (σ 1 , σ 2 , σ 3 , σ 4 ) determine the positions and spin (i.e. electronic) states of the colliding atoms (n 1 , σ 1 ) + (n 2 , σ 2 ) → (n 3 , σ 3 ) + (n 4 , σ 4 ), and V α 1 ,α 2 n n n, σ σ σ determines the strength of the corresponding scattering process, which involves a particular overlap of different Wannier functions. For deep optical lattices, these interaction strengths decay exponentially fast with the distance separating the corresponding Wannier functions, such that the leading contributions will be fermion-fermion (boson-boson) on-site (on-link) interactions, as well as boson-fermion interactions between site-link nearest neighbors (see Fig. 11(b) ).
As realized in [95] , it is possible to exploit the conservation of total angular momentum in the s-wave atomic scattering to identify those terms of Eq. (38) that incorporate directly the gauge invariance of a LGT, such as the U(1) gauge invariance of the standard Schwinger model (2). In particular, with a suitable encoding, the boson-boson on-site interactions can give rise to the electric energy term g 2 L 2
n . Additionally, the boson-fermion spin-changing scattering can lead to the gauge-invariant tunnelings c † n U n c n+1 + c † n+1 U † n c n , where the link operators can be represented by spin ladder operators
n,m L n , following the so-called quantum-link model approach to LGTs [96] . A detailed analysis of how this idea could be applied to a 23 Na- 6 Li Bose-Fermi mixture has been presented in [97] , where the fermions were considered to be trapped in an optical superlattice providing a staggering of the on-site energies. This work showed that, in addition to the above mechanism to generate the gauge-invariant tunneling, the terms of Eqs. (37) and (38) that would violate gauge invariance can be neglected in a certain parameter regime. Moreover, it was shown that the additional spin-preserving scattering between bosons and fermions can be expressed as a correction of the staggered fermion mass of the target Hamiltonian (2) . In this way, there is a clear, albeit challenging, route for the analog quantum simulation of the standard Schwinger model.
B. Scheme for the topological Schwinger model
Let us now turn our attention to the cold-atom quantum simulation of the topological Schwinger model (5). Here, a natural idea would be to substitute the aforementioned staggered fermion superlattice by a superlattice where the distance between neighboring fermions varies within a two-atom unit cell. Such optical potentials have already been realized experimentally, and yield a dimerized tunneling that allows for the cold-atom quantum simulation [98] of the SSH model of polyacetylene (7) . One can check that this mechanism would also lead to a dimerization of the gauge-invariant tunneling (5), since the fermion-boson overlap of Wannier functions determining the strength of the spin-changing collisions would also display a two-unit cell periodicity. Unfortunately, the spinconserving scattering terms also become inhomogeneous, and can no longer be simplified as in the previous case [97] , such that the effective cold-atom Hamiltonian would contain additional terms that differ from the target model (5) . Therefore, in this work, we introduce a scheme that avoids using superlattices, and achieves the desired dimerization by Floquet engineering by a periodic modulation on the bosonic degrees of freedom. We now detail the required ingredients.
Gauge sector and bosonic Hubbard interactions
Let us start from the bosons and the gauge-field sector. First of all, we consider that the bosonic optical lattice is so deep V b 0,x E b R that the tunneling dynamics along the x-axis is also frozen for the time-scales of interest
n n n,σ σ σ |. Using the Schwinger representation for spin operators in terms of bosons, referred to as rishons in the quantum link models, one can encode the link gauge operators on even sites into the bosonic atoms as
and the link gauge operators on odd sites as
We note that the seemingly-arbitrary alternation in the definition of the link operators is important to obtain the gaugeinvariant tunneling from the spin-changing collisions [95, 97] . We also note that, since the bare bosonic tunneling can be neglected, the number of bosons with a particular spin σ is a conserved quantity, and can be used to define the angular momentum of the link operators = N ↑ = N ↓ where, for simplicity, we assume that all sites are uniformly filled with bosons, and that the population is the same for both spin components.
As announced above, the on-site boson-boson interactions of Eq. (38) can be expressed in terms of the electric energy of the Schwinger model. For a 23 Na- 6 Li Bose-Fermi mixture, and selecting the spin states [97] , the on-site Hubbard-type interactions can be expressed as follows
Here, we have introduced an effective gauge coupling g and an effective lattice constant a, which can be expressed in terms of the atomic parameters
Here, a αβ F t stands for the s-wave scattering length between α-and β -type atoms with total angular momentum F t . We note that, in addition to the desired electric-field energy, one gets in Eq. (41) an additional staggering δ b = ( − 1 2 )g 2 that must be carefully accounted for in the final effective Hamiltonian of the cold-atom mixture.
Matter sector and fermionic Hubbard interactions
Let us now turn to the matter sector of the topological Schwinger model (5), which should be encoded into the fermionic atoms. As occurred for the bosons, the bare tunneling (37) must be inhibited as it does not preserve the gauge symmetry. However, in contrast to the bosonic case, we cannot simply consider a very deep lattice, since neighboring fermionic Wannier functions should overlap to allow for the desired gauge-invariant tunneling via the spin-changing collisions. A possible mechanism to inhibit the bare tunneling could be a staggered superlattice [97] , but we have already advanced that this would not suffice to achieve the desired topological Schwinger model (5). Therefore, we shall make use of a tilted optical lattice ε f n,σ = ε f σ +∆ f n, which can be introduced by lattice acceleration [99] , or magnetic-field gradients [101] . As a consequence of the tilting (see Fig. 11(c) ), there is an energy penalty for the bare tunneling, such that fermions cannot hop between neighboring sites for the timescale of interest if t f ∆ f , and the dynamics will be caused by scattering.
For the particular 23 Na- 6 Li Bose-Fermi mixture, and selecting the spin states
, one can encode the discretized Dirac field into the fermion atomic operators of even and odd sites
and recover the desired algebra {c n , c † m } = δ n,m /a → δ (x − y) in the continuum limit. Moreover, the on-site fermion-fermion interactions of Eq. (38) , which give the leading contribution of the fermion-fermion scattering, can be rewritten as
where we have introduced the Hubbard coupling strength
It follows from the above expression (44) that these interactions will have no effect if the state of the quantum simulator fulfills f † 2n,↑ f 2n,↑ |Ψ(t) = f † 2n−1,↓ f 2n−1,↓ |Ψ(t) = 0 during the whole experiment. Since the bare tunneling is forbidden, and the lattice tilting forbids scattering terms that change the parity of fermions on each lattice site, it suffices to prepare an initial state |Ψ(0) with no double occupancies (see the initial configuration in Fig. 11(a) ), and the above condition to neglect these terms (44) will be fulfilled during the whole QS.
3. Gauge-matter coupling and Floquet engineering of Bose-Fermi Hubbard interactions
Up to this point, the discussion is similar to the scheme in [97] . In the following, we discuss the implementation of the dimerized gauge-invariant tunneling (5), where crucial differences arise. We now consider the fermion-boson site-link interactions (38) , which contain the spin-changing collisions
These terms can be identified with the gauge-invariant tunneling c † n L + n c n+1 + c † n+1 L − n c n using the atomic definitions of the link (39)- (40) and fermion operators (43) . Note, however, that these terms will generally be inhibited by the tilting of the lattice |V f,b n n n,σ σ σ | ∆ f , as occurred for the bare tunneling t f ∆ f . The key idea of our proposed scheme is to assist these terms by introducing a time-periodic modulation of the bosonic onsite energies ε b n,σ → ε b n,σ (t) of Eq. (37), which can be induced by a time-dependent magnetic field or by a weak ac-Stark shift with a time-dependent laser intensity (see Fig. 11(c) ). In addition, we will adjust the static part ε α σ of the fermionic and bosonic on-site energies through an external constant magnetic field. Altogether, we are considering the on-site energies
where is the so-called Lande factor, µ B is Bohr's magneton, and B 0 the external constant magnetic field. In the simplest situation, the periodic modulation stems from an ac-Stark shift
is the spindependent dynamical polarizability of the state |F α , M α,σ irradiated by a far detuned laser beam of frequency ω L and intensity I(t) = I L cos(ω d t), where ω d is the modulation frequency.
We consider adjusting the lattice tilting, external magnetic fields, and modulation frequency, such that
where we have introduced a small energy mismatch |δ f | ∆ f . By writing the spin-changing scattering in Eq. (46) in the interaction picture with respect to these on-site energy terms, one finds
where we have introduced the periodic function
, which is expressed in terms of Bessel functions of the first kind J m (η d ) with
Since we are working in the regime |V f,b n n n,σ σ σ | ∆ f , and ω d = 2∆ f , the rapidly-oscillating terms in the above expression (49) can be neglected in a rotating-wave approximation. This is equivalent to the large-frequency limit of the so-called Floquet engineering based on periodic modulations [32] .
Moving back to a frame where the Hamiltonian is timeindependent, we obtain the desired dimerized gauge-invariant tunneling
where we have introduced an additional staggered mass m s , and the tunneling dimerization δ 2n = 0, and δ 2n−1 = ∆, with
Finally, the effective lattice constant of the topological Schwinger model (5) is set by the overlap of the neighboring Wannier functions
where we have used the reduced mass µ bf = m b m f /(m b + m f ), and assumed that the bosons are subjected to a much tighter confinement than the fermions.
It thus follows from our analysis that the effective dimerization ∆ in the target model (5) can be controlled by tuning the periodic-modulation parameters in Eq. (50) . Likewise, the dimensionless gauge coupling ga can be controlled by tuning the trapping and modulation parameters, as well as the various scattering lengths appearing in Eqs. (42) and (53) . In this way, one could explore the full phase diagram of the topological Schwinger model provided that the additional staggered terms in Eqs. (41) and (51) are carefully accounted for. We also note that the cold-atom simulator does not work in natural units, but leads instead to an effective speed of light c = a L /a. In any case, the fields have the correct energy dimensions 
Suppression of additional spurious terms
Let us note that, in addition to the terms leading to Eq. (51), there are other density-dependent tunneling terms inhibited in principle by the titling, which would also get activated by the periodic modulation. However, these terms can be neglected using the same argument used below Eq. (45) . In addition, there will be additional spin-conserving scattering terms that are not inhibited by the lattice tilting that require a more carful account. These terms can be expressed as 
The fact that the fermionic density c † n c n is coupled equally to the rightmost and leftmost neighboring bosons, which underlies the form of Eq. (54), allows us to express this scattering in terms of the finite gradient of the flux operators (L n − L n−1 ) via Eqs. (39)- (40) . We note that this is precisely the condition that would not be satisfied had we used an SSH-type superlattice, and which forced us to consider a Floquet-type alternative to achieve the tunneling dimerization.
This expression (54) can in turn be simplified further by applying Gauss' law (L n − L n−1 ) = ac † n c n + 1 2 ((−1) n − 1) for the particular sector of the initial state of the cold-atom quantum simulator [97] . This allows us to rewrite the spin-conserving scattering as a correction to the fermion staggered mass (56) As announced previously, the additional staggering terms must be carefully accounted for, as they do not appear in the target topological Schwinger model (5). In our case, their effect can be cancelled by controlling the detuning of the periodic modulation (48) . It is straightforward to see that in the interaction picture with respect to H 0 = a ∑ n δ b (−1) n L n + (m s +m s )c † n c n , the cold-atom Hamiltonian H = V bb int +V bf int,1 +V bf int,2 = H 0 + H tS , leads to an effective time-independent Hamiltonian that coincides exactly with the topological Schwinger model H eff = H tS (5), provided that
Accordingly, by tuning the energy mismatch between the energy-penalty and the modulation frequency (48) , it is possible to reach a situation where the staggered mass effectively vanishes from the Hamiltonian and, as desired, the Schwinger model only displays a topological mass stemming from the tunneling dimerization.
Let us finally note that, for simplicity of exposition, we have assumed that the atoms are subjected to a box trapping potential [100] , and thus neglected additional inhomogeneities of the on-site energies (47) . For other trapping potentials, it suffices to assume that they vary slowly on the length-scale of the optical-lattice spacing, such that their presence will not compromise our assumptions and calculations above, and can be simply included as some additional inhomogeneities in the final effective Hamiltonian H tS .
State preparation and readout
Since the model parameters (ga, ∆) are controlled by atomic parameters in Eqs. (42), (53) and (50), the cold-atom quantum simulator has the potential of realizing the interesting physics of topological QED 2 outlined in previous sections. In particular, by adiabatic state preparation, the coldatom mixture could explore the full phase diagram of Fig. 1 , provided that some of the observables discussed in Sec. IV can be measured experimentally. Density-type observables, such as the electric-field order parameter (28), which is expressed in terms of the atomic densities (39)- (40) , are particularly promising as they are not modified by the various interaction pictures and rotating frames discussed above. We note that the required spin-resolved density measurements can be performed by optical imaging, either after a time-of-flight expansion or directly in situ [102] . On the other hand, the topological correlator (30) will be modified by the titling and effective staggering in the final rotating frame. In this case, it would be interesting to explore if spin-resolved local measurements by using recent quantum gas microscopes [103] can give access to the local quantities, such that the corresponding rotating-frame order parameter can be constructed from a specific combination of the different local measurements.
An alternative readout possibility would be to measure directly the edge excitations [104] , which should display the dependence on the microscopic parameters displayed in Fig. 6(b) . Although the above calculation uses Dirichlet boundary conditions, and would thus require the use of boxlike trapping potentials [100] , a similar behavior is expected for confining potentials that increase at least quadratically with the boundary-to-center distance [105] . In that work, the authors also discuss how to use the Bragg signal due to Raman excitations to detect the presence of localized zero-energy modes in a higher-dimensional setup, and these ideas could be adapted to the current topological Schwinger model (5).
Finally, let us mention another readout strategy, which rests upon the possibility of measuring directly the underlying topological invariant. In the non-interacting regime, we note that the Zak's phase (10) has already been measured using Ramsey interferometry in cold-atom experiments [98] . As the gauge coupling is switched on, one expects that the fermionic excitations will become quasiparticles, which can be coupled to additional impurities in order to generalize the interferometric protocol to measure a many-body counterpart of the topological Zak's phase [106] .
VI. CONCLUSIONS AND OUTLOOK
In this work, we have explored the interplay of global and local symmetries, topology, and many-body effects in symmetry-protected topological phases of matter that arise naturally in lattice gauge theories. In particular, we have introduced an alternative discretization of the massive Schwinger model that can host a correlated SPT ground-state, where the many-body effects arise due to the interactions mediated by the gauge bosons. Using bosonization, we have shown that the underlying topology of the SPT phase can modify the vacuum θ angle, and thus lead to a richer phase diagram in comparison to the standard Schwinger model. These bosonization predictions have been carefully benchmarked by numerical DMRG, which has allowed us to calculate relevant fingerprints of the correlated SPT phase, such as the entanglement spectrum and many-body edge states. Moreover, we have presented a thorough finite-size scaling analysis of the electricfield order parameter and a topological correlator, which yield concrete predictions of the phase diagram that are in agreement with the bosonization results. Finally, we have presented a detailed proposal for the realization of the topological Schwinger model exploiting spin-changing collisions in boson-fermion mixtures of ultra-cold atoms loaded in a 1D optical lattice. We have shown that, by introducing a lattice tilting on the fermions and a periodic modulation of the bosons, the effective Hamiltonian coincides with the target topological Schwinger model with parameters that can be controlled by tuning the microscopic cold-atom parameters.
In combination with the recent work [22] , which studies the appearance of SPT phase in quantum link ladders, our work opens an interesting route to study topological phases of matter in Gauge theories, either using some of the theoretical tools hereby developed, or via cold-atom experiments using the scheme proposed in this work. Hopefully, these results will stimulate further work in this subject, exploring interesting questions such as the interplay of topological features with non-perturbative effects in LGTs, such as screening, confinement, and string-breaking.
